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We compute the color singlet and color octet NRQCD long-distance matrix elements for inclusive
production of P -wave quarkonia in the framework of pNRQCD. In this way, the color octet NRQCD
long-distance matrix element can be determined without relying on measured cross section data,
which has not been possible so far. We obtain inclusive cross sections of χcJ and χbJ at the LHC,
which are in good agreement with data. In principle, the formalism developed in this work can be
applied to all inclusive production processes of heavy quarkonia.
The mechanism underlying heavy quarkonium produc-
tion is a key to understanding the dynamics of strongly
coupled systems [1–4]. Quarkonium production is ex-
tensively studied in experiments at particle colliders like
LHC, SuperKEKB, BEPC II, and RHIC, and will con-
tinue to be an important subject in future colliders such
as the planned Electron-Ion Collider. Quarkonium pro-
duction has a large impact on studies of the QCD phase
diagrams and early universe, as the production in proton-
proton collisions is the bottom line to which quarkonium
suppression in heavy ion collisions is compared [5]. More-
over, from the theoretical point of view, quarkonium pro-
duction processes have exquisite theoretical issues pin-
ning down on factorization in strongly coupled theories,
definition and calculation of nonperturbative matrix ele-
ments, and resummation of logarithms of large ratios of
scales [6–10].
The typical hierarchy of energy scales that character-
izes heavy quarkonium is m  mv  mv2, where m is
the heavy quark mass and v  1 the relative velocity of
the quark in the bound state. This hierarchy of energy
scales may be exploited to construct a hierarchy of effec-
tive field theories. Nonrelativistic QCD (NRQCD) [6, 11]
follows from QCD by integrating out modes associated
with the energy scale m from Green’s functions describ-
ing a heavy quark and a heavy antiquark near thresh-
old. The matching to NRQCD can be done perturba-
tively, since m is larger than the typical hadronic scale
ΛQCD. Potential NRQCD (pNRQCD) [12–14] follows
from NRQCD by integrating out gluons of energy or mo-
mentum of order mv. The matching to pNRQCD may
need to rely on nonperturbative methods if the momen-
tum scale, mv, is comparable to ΛQCD.
While NRQCD had great success in heavy quarko-
nium phenomenology, a satisfactory description of inclu-
sive production processes from first principles is still be-
yond reach. Much of the difficulty stems from our limited
knowledge of the NRQCD long-distance matrix elements
(LDMEs), which describe the nonperturbative evolution
of the heavy quarkQ and antiquark Q¯ into a quarkonium.
First-principles determinations have not been possible,
even approximately, for a class of important LDMEs that
are associated with the QQ¯ in a color octet state. On the
other hand, phenomenological determinations of the un-
known LDMEs based on different choices of observables
have led to inconsistent sets of LDMEs, which have re-
sulted in contradicting predictions, in particular, leaving
open the long-standing problem of the polarization of
quarkonium produced in hadron colliders [15]. It would
be of enormous impact to be able to compute the un-
known LDMEs from first principles.
Potential NRQCD has been successfully applied to an-
nihilation and exclusive electromagnetic production pro-
cesses of heavy quarkonia [16–18]. It has been anticipated
that pNRQCD could also be used to describe inclusive
production processes. In this Letter, we apply for the
first time pNRQCD to this kind of processes by comput-
ing the NRQCD LDMEs that appear in the inclusive pro-
duction cross section of P -wave quarkonia. Specifically,
we consider production cross sections of χQJ (Q = c or
b, J = 0, 1, and 2) at leading order in v.
The cross section is given in the NRQCD factorization
formalism at leading order in v by [6]
σχQJ+X = (2J + 1)σQQ¯(3P [1]J )
〈OχQ0(3P [1]0 )〉
+ (2J + 1)σ
QQ¯(3S
[8]
1 )
〈OχQ0(3S[8]1 )〉. (1)
Here, we use spectroscopic notation for the angular mo-
mentum state of the QQ¯, while the superscripts 1 and 8
denote the color state of the QQ¯: color singlet (CS) and
color octet (CO), respectively. The quantities σ
QQ¯(3P
[1]
J )
and σ
QQ¯(3S
[8]
1 )
are the perturbatively calculable short-
distance coefficients (SDCs). We have used the heavy-
quark spin symmetry to reduce the χQJ LDMEs into
LDMEs of χQ0, which are defined by
〈OχQ0(3P [1]0 )〉 =
1
3
〈Ω|χ†(− i2
←→
D · σ)ψPχQ0(P=0)
× ψ†(− i2
←→
D · σ)χ|Ω〉, (2a)
〈OχQ0(3S[8]1 )〉 = 〈Ω|χ†σiT aψΦ†ab` PχQ0(P=0)
× Φbc` ψ†σiT cχ|Ω〉, (2b)
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2where |Ω〉 is the QCD vacuum, T a are SU(3) genera-
tors, σi Pauli matrices, and ψ and χ Pauli spinors that
annihilate and create a heavy quark and antiquark, re-
spectively. The covariant derivative
←→
D is defined by
χ†
←→
Dψ = χ†Dψ − (Dχ)†ψ, with D = ∇ − igA, and
A the gluon field. The operator PQ(P ) projects onto a
state consisting of a quarkonium Q with momentum P .
The path-ordered Wilson line along the spacetime direc-
tion `, defined by Φ` = P exp[−ig
∫∞
0
dλ ` · Aadj(`λ)],
where Aadj is the gluon field in the adjoint representa-
tion, ensures the gauge invariance of the CO LDME [7].
The direction ` is arbitrary.
We aim at expressing the LDMEs (2) in pNRQCD. We
work in the strong coupling regime, where ΛQCD  mv2.
This condition is fulfilled by non-Coulombic, strongly
coupled quarkonia, such as possibly the χQJ . In order
to compute the LDMEs in strongly coupled pNRQCD,
we expand the NRQCD Hamiltonian in inverse powers
of the heavy quark mass,
HNRQCD = H
(0)
NRQCD +
H
(1)
NRQCD
m
+ . . . , (3)
and compute at each order in 1/m in quantum-
mechanical perturbation theory (QMPT) its eigen-
states [19, 20]:
|n;x1,x2〉 = |n;x1,x2〉(0) + |n;x1,x2〉
(1)
m
+ . . . . (4)
Here x1 and x2 are the positions of the quark and anti-
quark, respectively. Only for the eigenstates in the static
limit, |n;x1,x2〉(0), the quark and antiquark positions are
conserved. The corresponding eigenvalues, E
(0)
n (x1,x2),
are the energies of a static quark-antiquark pair located
in x1 and x2 in the presence of light degrees of freedom in
the ground state (n = 0) or in some excited state (n > 0).
The set of quantum numbers denoted with n labels the
excitations of the light degrees of freedom. We also de-
fine the states |n;x1,x2〉, which encode the light degrees
of freedom content of the states |n;x1,x2〉, through the
relation |n;x1,x2〉 = ψ†(x1)χ(x2)|n;x1,x2〉.
The computation of the LDMEs in Eqs. (2) requires
the knowledge of the matrix elements of PQ(P=0) on the
states |n;x1,x2〉, which follows from general properties
of the operator. We first note that PQ(P ) commutes
with the NRQCD Hamiltonian. This is because the de-
cay modes that involve momentum transfers at the scale
m have been integrated out, and hadronic and electro-
magnetic transitions between quarkonium states can be
ignored as they occur at a much larger time scale than
the hadronization of Q and Q¯ into quarkonium. Hence,
the quarkonium state Q is conserved, and so is PQ(P ).
We write an eigenstate of HNRQCD and PQ(P ) as
|Q(n,P )〉 =
∫
d3x1d
3x2 φQ(n,P )(x1,x2) |n;x1,x2〉,
(5)
where φQ(n,P )(x1,x2) is a suitable function of x1, x2,
and P . We take |Q(n,P )〉 to be nonrelativistically nor-
malized. For n = 0, the state is just a quarkonium state
|Q(P )〉 [17]. For n 6= 0, the state includes excitations of
the light degrees of freedom.
For the state |n;x1,x2〉 to have a nonvanishing overlap
with PQ(P ), its static component |n;x1,x2〉(0) must be
of the form Tr{ψ†(x1)χ(x2)}Tr{|n;x1,x2〉(0)}/Nc in the
limit x1 − x2 → 0, Tr being the trace over color and Nc
the number of colors [21]. This condition follows from
requiring that, in the absence of gluonic excitations car-
ried by 1/m corrections, the quark-antiquark fields at the
same point are in a color-singlet configuration, which, in
turn, is a necessary requirement for the state |n;x1,x2〉
to overlap with a state containing a quarkonium. We
denote with S the subset of eigenstates of the NRQCD
Hamiltonian, |n;x1,x2〉, that fulfill the condition. Fi-
nally, the operator PQ(P ) can be written as
PQ(P ) =
∑
n∈S
|Q(n,P )〉〈Q(n,P )|. (6)
In strongly coupled pNRQCD [13, 19, 20], color-singlet
heavy quark-antiquark pairs in the presence of light de-
grees of freedom in a state n are described by the field
Sn and the Hamiltonian:
HpNRQCD =
∫
d3x1d
3x2 S
†
nhn(x1,x2;∇1,∇2)Sn, (7)
where hnδ
(3)(x1 − x′1)δ(3)(x2 − x′2) is deter-
mined by matching order by order in 1/m to
〈n;x1,x2|HNRQCD|n;x′1,x′2〉. In particular, at leading
order in v, hn is the sum of a kinetic energy operator,
p2/m, where p = −i(∇1 − ∇2)/2 is the relative mo-
mentum of the heavy quark-antiquark pair, and a static
potential that matches the eigenvalue E
(0)
n of H
(0)
NRQCD.
Since the eigenvalues of hn have to be equal to
〈Q(n,P )|HNRQCD|Q(n,P )〉, as pNRQCD and NRQCD
describe the same physical spectrum, we can identify the
functions φQ(n,P )(x1,x2) with the eigenfunctions of hn.
At leading order in v, it holds
φQ(n,P )(x1,x2) ≈ e−iP ·(x1+x2)/2φ(0)Q(n)(x1,x2), (8)
where exp[−iP · (x1 + x2)/2] is a plane wave describing
the center of mass motion and φ
(0)
Q(n)(x1,x2) is an eigen-
function of the leading order pNRQCD Hamiltonian.
We are now in the position to express the production
LDMEs in terms of gluon field correlators and the wave-
functions at the origin. The procedure is similar to the
one developed to compute the annihilation rates of heavy
quarkonia in pNRQCD in Refs. [16–18] and consists of
the following steps: (i) replace in the LDMEs the projec-
tor PQ(P=0) with the expressions (6) and (5); (ii) using
QMPT, and in particular Eqs. (3) and (4), express the
LDMEs in terms of |n;x1,x2〉(0) and E(0)n (x1,x2); (iii)
3make explicit the heavy quark and antiquark field con-
tent of the states |n;x1,x2〉(0) and eliminate the fields by
using Wick’s theorem; one makes use at this point of the
fact that the states in PQ(P=0) belong to the set S, which
constrains their color structure; (iv) rewrite the sum of
the matrix elements of the gluon fields on the states |Ω〉
and |n;x1,x2〉(0) (evaluated at x1 − x2 = 0) in terms
of gluon field correlators; (v) identify φQ(n,P )(x1,x2) or
derivatives of them (evaluated at x1 − x2 = 0) with the
wavefunctions of the pNRQCD Hamiltonian. The lead-
ing order wavefunctions can be computed by solving the
corresponding Schro¨dinger equations, once the static po-
tentials have been determined from the static energies
E
(0)
n typically obtained by lattice QCD methods.
The wavefunctions φ
(0)
Q(n)(x1,x2) depend on n and
may differ from the usual quarkonium wavefunctions
φ
(0)
Q (x1,x2) that correspond to the n = 0 case. For
n = 0, the static potential in h0 can be extracted from
the vacuum expectation value (VEV) of a static Wilson
loop [13, 19]. Similarly, for n 6= 0 and n ∈ S, the static
potential in hn can be extracted from the VEV of a static
Wilson loop in the presence of some additional, discon-
nected gluon fields. To our knowledge, there are no lat-
tice data available for the n 6= 0 static potentials. How-
ever, we expect that the disconnected gluon fields mostly
provide a constant shift to the potentials, for instance in
the form of a glueball mass, but do not significantly affect
their slopes. This is also supported by large Nc consider-
ations. In the large Nc limit, the VEV of a Wilson loop
with additional disconnected gluon fields factorizes into
the VEV of the Wilson loop times the VEV of the addi-
tional gluon fields up to corrections of order 1/N2c [22, 23].
If the slopes of the static potentials are the same for all
n in the large Nc limit, then in that limit the wavefunc-
tions φ
(0)
Q(n)(x1,x2) are independent of n. Hence, we will
approximate the wavefunctions φ
(0)
Q(n)(x1,x2) with the
quarkonium wavefunction φ
(0)
Q (x1,x2) making an error
of at most O(1/N2c ).
Following the outlined procedure, we can compute the
production LDMEs 〈OχQ0(3P [1]0 )〉 and 〈OχQ0(3S[8]1 )〉 in
strongly coupled pNRQCD. Furthermore, in the case
of the CO LDME, we approximate φ
(0)
χQ0(n)
(x1,x2) ≈
φ
(0)
χQ0(x1,x2) as discussed above.
For the CS LDME 〈OχQ0(3P [1]0 )〉, we obtain at leading
order in QMPT
〈OχQ0(3P [1]0 )〉 =
3Nc
2pi
|R(0)′χQ0(0)|2, (9)
where R
(0)
χQ0(r) is the radial wavefunction of χQ0 at lead-
ing order in the velocity expansion (R
(0)′
χQ0(r) stands for
its derivative). This reproduces the result obtained in
the vacuum-saturation approximation in Ref. [6].
The CO LDME 〈OχQ0(3S[8]1 )〉 vanishes at leading order
in QMPT. Nonvanishing contributions come from next-
to-leading order in QMPT:
〈Oχb0(3S[8]1 )〉 =
3Nc
2pi
|R(0)′χQ0(0)|2
4
3Ncm2
× 1
4Nc
∫ ∞
0
dt t
∫ ∞
0
dt′ t′
× 〈Ω|Φ†ab` Φad0 (0, t)gEd,i(t)gEe,i(t′)Φec0 (0, t′)Φbc` |Ω〉,
(10)
where Ea,i(t) is a chromoelectric field component com-
puted at the time t and at the space location 0, and
Φ0(t, t
′) = P exp[−ig ∫ t′
t
dτ Aadj0 (τ,0)] is a Schwinger
line. Clearly, Eq. (10) does not depend on the direc-
tion ` as Φ†ab` Φ
bc
` = δ
ac. The CO LDME can then be
written at leading nonvanishing order in pNRQCD as
〈OχQ0(3S[8]1 )〉 =
3Nc
2pi
|R(0)′χQ0(0)|2
E3
9Ncm2
, (11)
where E3 is the gluonic correlator defined first in [16, 17]
E3 = 1
2Nc
∫ ∞
0
dt t3 〈gEa,i(t)Φab0 (t, 0)gEb,i(0)〉. (12)
Note that E3 is a purely gluonic quantity that does not
depend on the heavy quark flavor.
Equation (11) is our result for the CO LDME. The
result allows a first-principles determination of the CO
LDME, once E3 is known. The correlator E3 may be
computed in lattice QCD or it can be obtained from other
processes involving heavy quarkonia, such as the decay
of χcJ into light hadrons [16, 18].
The correlator E3 depends logarithmically on the
renormalization scale Λ [16]. The evolution equa-
tion of E3 implies the following evolution equation for
〈OχQ0(3S[8]1 )〉:
d
d log Λ
〈OχQ0(3S[8]1 )〉 =
4CFαs
3Ncpim2
〈OχQ0(3P [1]0 )〉, (13)
where CF = (N
2
c − 1)/(2Nc). Equation (13) agrees with
the evolution equation derived from a perturbative cal-
culation in NRQCD [6]. The agreement is a nontrivial
consistency check of Eq. (11).
Noteworthy, our expression for the CO LDME in
Eq. (11) is the same as the one for the CO LDME that ap-
pears in decays of P -wave quarkonia [16], even though the
calculations of the two LDMEs differ in some respects.
We conclude that, under the considered kinematical con-
ditions and in a controlled approximation, production
and decay octet LDMEs appear to satisfy the same cross-
ing relation that holds at leading order in perturbation
theory [6].
We now compute the inclusive production cross sec-
tions of χcJ and χbJ(nP ) from proton-proton collisions at
the LHC based on our results for the LDMEs in Eqs. (9)
4and (11). Although a lattice QCD determination of E3
has not yet been done, a phenomenological determina-
tion from the decay rates of χcJ is available from Ref. [18]
(ratios of hadronic and electromagnetic decay widths de-
pend at leading order only on E3), which gives E3(Λ =
1 GeV) = 2.05+0.94−0.65 in the MS scheme. We compute E3
at higher scales from its one-loop evolution formula [16].
We use the value |R(0)′χc0 (0)|2 = 0.057 GeV5, which we ob-
tain by comparing the measured two-photon decay rates
of χc0 and χc2 in Ref. [24] with the pNRQCD expressions
at leading order in v and at next-to-leading order (NLO)
in αs [18]. Because two-photon decay rates of χbJ have
not been measured yet, we take for |R(0)′χb0(nP )(0)|2 the av-
erages of the values listed in Ref. [18], which are obtained
from the potential-model calculations in Refs. [25–28].
We take |R(0)′χb0(1P )(0)|2 = 1.47 GeV5, |R
(0)′
χb0(2P )
(0)|2 =
1.74 GeV5, and |R(0)′χb0(3P )(0)|2 = 1.92 GeV5. We take
m to be 1.5 GeV for charm and 4.75 GeV for bottom, and
we evolve to Λ = m. The LDMEs are completely fixed by
|R(0)′χQ0(0)|, E3, and m. We include the uncertainties com-
ing from E3 and from unaccounted relativistic corrections
of relative order v2, which we take to be 30% (10%) of
the central values of the χcJ (χbJ) cross sections. We ne-
glect the uncertainty from the corrections of order 1/N2c ,
which is small compared to other uncertainties. We add
the uncertainties in quadrature.
15 20 25 30
FIG. 1. Differential cross sections for χc1 and χc2 at the
LHC (
√
s = 7 TeV, |y| < 0.75), compared with the ATLAS
measurements [29].
We first compute production cross sections of χc1 and
χc2 by taking the SDCs in Ref. [30] that are accurate at
NLO in αs and include resummed leading logarithms of
pT /m for
√
s = 7 TeV in the rapidity range |y| < 0.75.
Here, pT is the transverse momentum of the χcJ . We
present the differential cross sections B× dσ/dpT , where
B = Br(χcJ → J/ψγ)× Br(J/ψ → µ+µ−) is taken from
Ref. [31]. Our results for the differential cross sections
are shown in Fig. 1 against ATLAS data [29]. The pN-
RQCD determinations are in good agreement with the
measurements. We emphasize that these determinations
have been made possible by our result in Eq. (11), with E3
fixed on χcJ decay data, while previous determinations,
including the one in Ref. [30], relied on using measured
cross section data to determine the χcJ LDMEs.
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FIG. 2. pNRQCD determinations of the feeddown fractions
R
χb(nP )
Υ(n′S) at the LHC (
√
s = 7 TeV, 2 < y < 4.5), compared
with the LHCb data [32].
In order to compare with data also in the bottomo-
nium case, we compute the feeddown fractions R
χb(nP )
Υ(n′S) ,
which are defined as the fractions of Υ(n′S) (n′ = 1, 2,
and 3) originating from decays of χb1(nP ) and χb2(nP )
(n =1, 2, and 3). We compute the SDCs at NLO in αs for√
s = 7 TeV in the rapidity range 2 < y < 4.5 by using
the FDCHQHP package [33]. We compute R
χb(nP )
Υ(n′S) by
multiplying the χbJ(nP ) cross section by the branching
ratio Br(χbJ(nP ) → Υ(n′S) + γ), summing over J = 1
and 2, and dividing by the inclusive Υ(n′S) cross sec-
tion. For the branching ratios of the 1P and 2P states,
we take the measured values from Ref. [31], while, for the
branching ratios of the 3P states, we take the theoretical
predictions from Ref. [34] because there are no data avail-
able. We present our results as functions of the transverse
momentum p
Υ(n′S)
T of the Υ(n
′S), which we compute by
multiplying the transverse momentum of the χbJ(nP ) by
mΥ(n′S)/mχbJ (nP ). We take the bottomonium masses
from Ref. [31]. For the denominator, we take the Υ(n′S)
LDMEs determined in Ref. [34], which give good de-
scriptions of the measured cross sections at the LHC for
pT > 15 GeV. Our results for R
χb(nP )
Υ(n′S) are shown in Fig. 2
against the LHCb data at
√
s = 7 TeV [32]. Our deter-
5minations are in good agreement with the data. Also in
this case, our determinations have been made possible by
Eq. (11), with E3 fixed on χcJ decay data, while previ-
ous determinations, including the ones in Ref. [34], relied
on using measured cross section data to determine the
χbJ(nP ) LDMEs for each n.
The pNRQCD approach for inclusive production of P -
wave heavy quarkonia that we have developed in this Let-
ter provides expressions for the color-singlet and color-
octet NRQCD LDMEs in terms of quarkonium wave-
functions and universal gluonic correlators, which may be
determined from data and/or lattice QCD calculations.
This brings in a reduction in the number of nonpertur-
bative unknowns and a substantial enhancement in the
predictive power of the nonrelativistic effective field the-
ory approach to inclusive heavy quarkonium production
processes. Our results have made possible for the first
time to determine the χcJ and χbJ(nP ) cross sections
from first principles without fitting color-octet LDMEs
on production data. Our results for the χcJ cross sec-
tions and χb(nP ) feeddown fractions at the LHC have
been summarized in Figs. 1 and 2. They are in good
agreement with measurements. We note that the formal-
ism developed in this work may be applied to all heavy
quarkonium production processes and, in particular, to
the production of the J/ψ or the Υ(nS) states [35]. It
may be also possible to extend the formalism to inclusive
production of heavy hybrids and mixed states of hybrids
and quarkonia.
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